A combustion instability in a combustor typical of aero-engines is analyzed and modeled thanks to a low order Helmholtz solver. A Dynamic Mode Decomposition (DMD) is first applied to the Large Eddy Simulation (LES) database. The mode with the highest amplitude shares the same frequency of oscillation as the experiment (approx. 350 Hz) and it shows the presence of large entropy spots generated within the combustion chamber and convected down to the exit nozzle. The lowest purely acoustic mode being in the range 650-700 Hz, it is postulated that the instability observed around 350 Hz stems from a mixed entropy/acoustic mode where the acoustic generation associated with the entropy spots being convected throughout the choked nozzle plays a key role. A Delayed Entropy Coupled Boundary Condition is then derived in order to account for this interaction in the framework of a Helmholtz solver where the baseline flow is assumed at rest. When fed with appropriate transfer functions to model the entropy generation and convection from the flame to the exit, the Helmholtz solver proves able to predict the presence of an * Address all correspondence to this author. unstable mode around 350 Hz, in agreement with both the LES and the experiments. This finding supports the idea that the instability observed in the combustor is indeed driven by the entropy/acoustic coupling.
Introduction
It has been long known that combustion instabilities in industrial systems can lead to high amplitude oscillations of all physical quantities (pressure, velocities, temperature, etc.). A classical mechanism for combustion instability is a constructive coupling between acoustic waves and the unsteady combustion that arises when pressure and heat release fluctuations are in phase [1, 2] . Another mechanism that may also support self-sustained instabilities relies on the acoustic perturbations induced by entropy spots (temperature and/or mixture heterogeneities say) being generated in the flame region and evacuated through the downstream nozzle [3, 4] . This latter mechanism is particularly relevant to (high speed) reacting flows where the flow through time is small and turbulent mixing cannot significantly reduce the amplitude of the entropy spots being convected from the flame region to combustor exit.
Several recent studies have shown that the Large Eddy Simulation (LES) approach is a powerful tool for studying the dynamics of turbulent flames and their interactions with the acoustic waves [5, 6] . However, these simulations are very CPU demanding and faster tools are required in the design process of new burners. A natural approach is to characterize the stable/unstable modes in the frequency domain. An approximate linear wave equation for the amplitudep(x) of the pressure perturbations p(x,t) =p(x)exp(− jωt) in reacting flows may be derived from the Navier-Stokes equations [7] and reads: ∇ · c 2 0 ∇p + ω 2p = jω(γ − 1)q (1) whereq(x) is the amplitude of the unsteady heat release q(x,t) =q(x)exp(− jωt), c 0 is the speed of sound, and ω is the complex angular frequency. In order to close the problem, the flame is often modeled as a purely acoustic element thanks to a n − τ type of model [8] which essentially relates the unsteady heat release to acoustic quantities at reference locations; Eq. (1) then corresponds to a non-linear eigenvalue problem which can be solved by using appropriate algorithms [9] . Eq. (1) relies on the so-called zero Mach number assumption stating that the mean velocity is very small compared to the speed of sound. A recent study suggests that the domain of validity of the zero mean flow assumption might be rather small [10] . One reason for this is that Eq. (1) does not support entropy waves. Thus the acoustic generation due to the entropy spot being accelerated in the nozzle/turbine located downstream of the combustion chamber is not accounted for. Since the production of sound by acceleration of entropy fluctuations is a key phenomenon when dealing with combustion noise [11, 12] , neglecting this acoustic source when studying thermoacoustic instabilities is highly questionable. Note also that mixed modes may exist that rely on a convective path and acoustic feedback when the baseline flow is not at rest [3] , and that cannot be captured when using Eq. (1).
Nevertheless, this somewhat restrictive assumption is necessary to derive a wave equation for the thermoacoustic perturbations superimposed to a non isentropic baseline flow, the alternative being to use the complete set of Linearized Euler Equations (LEE) [10] . Unfortunately, this would make the computational effort needed to compute the thermoacoustic modes significantly larger (five coupled equations being solved for) than what is required when dealing with Eq. (1). Being able to partly account for the non zero Mach number effects without relying on the LEEs is therefore highly desirable. The objectives of this paper are then as follows:
• analyze fully nonlinear large-eddy simulation data to test for the presence of mixed modes in a realistic combustion chamber; • develop and validate a methodology to mimic the mean flow effects within the zero Mach number framework (Eq. 1);
• apply the method to a 3D industrial combustor where entropy-acoustic coupling is included in the Helmholtz solver framework.
First, the industrial configuration and associated instability are presented in Section 1; a Dynamic Mode Decomposition (DMD) is applied to the LES results in order to investigate the presence of an entropy-acoustic coupling. A proper formalism is then introduced in Section 2 in order to account for the entropy-acoustic coupling within the zero Mach number framework. The underlying Delayed Entropy Coupled Boundary Condition (DECBC) is also validated in this section by considering an academic quasi-1D combustor mounted on a nozzle. Finally, results from a zero Mach number Helmholtz solver with and without the DECBC approach are presented in Section 3 to illustrate the benefit of the method.
1 Description of the combustor and analysis 1.1 Geometry
The case considered in this study is a combustor developed by the SAFRAN Group for aero-engine applications. The main parts are displayed in Figure 1 which shows the combustion chamber and the casing with primary and dilution holes. The air inlet connected to the upstream compressor is also displayed. Note that the downstream high pressure distributor which connects the combustor to the turbine is modelled by a chocked nozzle with equivalent cross section area. For chocked conditions, this ensures that the chamber sees an acoustic environment close to the actual one. The fuel line is also visible, as well as a cut of the swirled injector used to mix fuel and air and to generate the recirculation zone which stabilizes the flame. In the actual situation, several injectors are mounted all around the azimuthal combustion chamber although only one sector with one injector is displayed in the figure. For confidentiality concerns, some parts of the geometry are not displayed in Figures 1, 2, 3 and 6. 
DMD analysis of the LES data
Experiments were performed by SAFRAN on the configuration described in section 1.1. Under certain operating conditions, the configuration becomes unstable at approximately 350 Hz. To analyze this instability, large eddy simulations (LES) were performed at CERFACS and SAFRAN. For this purpose, the general AVBP [13] code developed at CERFACS and IFP Energies Nouvelles was used. It is based on a cell-vertex formulation and embeds a set of finite element / finite volume schemes for unstructured meshes. In the present study an implementation of the Lax-Wendroff scheme (2 nd order in time and space) was retained. Two regimes were computed by LES, corresponding to the two operating conditions investigated experimentally at SAFRAN: one which contains an instability at 350 Hz and one which shows no instability. Although not discussed in this paper, the LES was able to distinguish these two regimes very nicely, displaying a stable turbulent flame for the latter regime and an unstable mode close to 330 Hz for the former. These flows were computed over a 4.5 million elements mesh with the static Smagorinsky subgrid scale model whereas turbulent combustion was represented with the Dynamic Thickened Flame Model [14] . A simple two-step kinetic scheme was used to represent the kerosene-air flame in the combustor [15] . The boundary conditions are imposed through the NSCBC formulation [16] so as to prevent spurious acoustic reflections. Note that as the nozzle is chocked, the physics inside the combustion chamber depends only upon the sonic throat which imposes the effective outlet state. Figure 2 displays a typical snapshot of the LES where the complex 3D flame structure can be seen on top of the temperature field. A pressure signal at a probe within the combustion chamber demonstrates the presence of a thermoacoustic instability at approx. 350 Hz. The amplitude of the limit cycle is quite large and may be explained by the fact that some acoustic dampers such as perforated liners were not included in the computations. However, this result is in the range of pressure fluctuations amplitudes measured in the experiments (∼ 8.10 4 Pa peak to peak). Note also the the amplitude was found robust to the shape of the nozzle used to mimic the high pressure distributor.
Dynamic Mode Decomposition (DMD) was applied to the LES data in order to better understand the nature of the instability illustrated in Figure 2 . For this purpose, 250 snapshots were recorded over a time range corresponding to approx. 13 cycles characteristics of the instability phenomena, thus leading to a sampling of 20 snapshots by period. This amount of data is sufficient for the DMD to breakdown the reactive turbulent flow into dynamically relevant structures with periodic evolution over time [17] . Note that the input vectors for the DMD algorithm were built from the nodal values of pressure, static temperature and reaction rate at each grid point of the mesh used for the LES. The fluctuating pressure and temperature fields reconstructed from the DMD mode with the highest amplitude are displayed in Figure 3 . Note that this mode oscillates at 331 Hz, in good agreement with the experimental data. The four phases displayed in Figure 3 support the idea that the unstable mode of interest relies, at least partly, on an entropy-acoustic coupling. At phase 0, the pressure is low everywhere within the combustion chamber and a pocket of cold gas is present downstream of the primary reaction zone, roughly at the middle of the combustion chamber. At phase π/2, this pocket is convected downstream and the unsteady pressure in the chamber is approximately zero. At phase π, this cold pocket interacts with the exit nozzle and a new pocket of hot gas is generated downstream of the primary zone, while the fluctuating pressure within the chamber is now positive. At phase 3π/2, the pocket of hot gas is convected by the mean flow and the pressure within the chamber decreases. Note that each interaction between hot or cold pocket of gas and the nozzle generates acoustics [11] which may propagate downstream (generating what is known as indirect noise) or upstream (generating another perturbation of the flame region and promoting the creation of a new entropy spot).
The idea that the unstable mode close to 350 Hz involves a coupling between entropy and acoustics is further supported by the numerical Helmholtz analysis of the combustor, which shows that the smallest thermoacoustic frequency mode is close to 670 Hz, very far from the observed 350 Hz (see Section 3 for a longer discussion). Although not shown in this paper, the DMD analysis also capture a weaker mode at 680 Hz which only exhibit small pressure fluctuations (∼ 1.10 3 Pa) and no significant temperature fluctuations (∼ 60 K), suggesting that this mode is purely of acoustic nature, which is consistent with the Helmholtz analysis. In the next two sections, we introduce an acoustic-entropy coupling strategy into the Helmholtz framework to investigate whether such a coupling can predict the 350 Hz mode.
Introducing entropy-acoustic coupling in the Helmholtz framework
Since Eq. (1) assumes no mean flow, it is necessary to restrict the study of thermo-acoustic instabilities to only the combustion chamber (where the Mach number is always small). It is then crucial to take into account the proper acoustic environment of the combustor, as for example the presence of a compressor or a turbine; this is illustrated in Figure 4 where Z 0 up stands for the proper acoustic impedances that must be imposed at the edges of the Helmholtz domain in order to account for the acoustic waves transmission/reflection due to the compressor and turbine. 
Acoustic boundary conditions
The acoustic impedance of a non zero Mach number flow element can be assessed analytically under the compact assumption [11] . This acoustic impedance gives rise to a relationship between the inlet acoustic velocity entering the element and the acoustic pressure as follows:
wherem andĴ are the (complex amplitude of the) mass flow rate and total enthalpy respectively and Z M up and Z M mJ are the impedances associated with variables (û,p) and (m,Ĵ) respectively. Moreover, the superscript M denotes the fact that the 
Now, since the Helmholtz equation is solved for in the combustion chamber where the mean flow is assumed at rest, a boundary impedance Z 0 up should be imposed in order to account for the effects of the compressor/turbine on the acoustics. Even ifp is the primary variable (see Eq. (1)) in the combustion chamber, the proper impedance to impose at the edge of the chamber is not necessarily Z M up . The reason is that the Mach number is zero in the chamber but not when computing Z M up . A careful analysis of the acoustic flux through the interface between the combustion chamber and the outer acoustic elements [18] shows that a proper choice for Z 0 up is Z M mJ instead of Z M up . For example, if a choked feeding line is located upstream of the combustion chamber, the mass flux is constant (m = 0, Z M mJ = ∞) and the proper boundary condition for the Helmholtz domain is simply Z 0 up = ∞. Similarly, if the feeding line imposes the velocity instead of the mass flux (û = 0,
, the proper boundary impedance is Z 0 up = 1/M and not ∞. When the LEEs are solved for everywhere (including the combustion chamber and surrounding elements), entropy fluctuations can be convected to the exit nozzle or turbine where the mean flow is accelerated. These accelerated entropy spots may interact with the acoustics so that the complete boundary condition describing the nozzle or turbine may involvê s,û andp. For example, the relationship derived by [11] for a compact choked nozzle reads:
or, using the (m,Ĵ) variables:
The third term is usually neglected when assuming zero Mach number in the combustion chamber (because no entropy spot can reach the exit if the convection by the mean flow is neglected) and Eq. (5) allows calculating the impedance Z M mJ of a choked compact nozzle. This quantity can then be used as a proper acoustic boundary condition at the edge of the Helmholtz domain; one obtains
which is different from the classical nozzle impedance Z M up = 2/(γ − 1)M derived from Eq. (4).
Delayed entropy coupled boundary conditions
Imposing the acoustic impedance, Eq. (6), means neglecting the entropy-acoustics coupling and the subsequent sound being generated by the entropy spots flowing through the exit nozzle or turbine. This coupling is contained in the boundary condition Eq. (4) or (5) . Note however thatŝ is not available in the Helmholtz domain. Thus the entropy fluctuation at the edge of the combustion chamber must be modeled before Eq. (4) or (5) can be applied. Assuming that the entropy fluctuations flowing through the exit have first been generated in the flame region before being convected by the mean flow, one obtainsŝ =ŝ f exp( jωτ c ) whereŝ f is the amount of entropy generated by the flame and τ c is the convection time from the flame to the exit. Consistently with the Helmholtz framework, it is then useful to relate the generated entropyŝ to some acoustic quantity. It is done here in a way similar to the n − τ model [8] for unsteady heat release, connecting the entropy fluctuation to the acoustic velocity taken at a reference point located upstream of the flame region :
where G us and τ us are, respectively, the gain and the time delay of the entropy generation from an acoustic perturbationû ref .
These quantities can be assessed analytically in the simple case of a 1D premixed flame [18, 19] and read:
where the subscripts u and b denote the unburnt and burnt gas respectively. Note that τ us = 0 because the referential velocity is considered at the flame location. Eventually, for the simple case of a 1D premixed flame in a duct, the proper boundary condition at the downstream edge of the Helmholtz domain is (assuming that burnt gas are present at this boundary and C p is constant):
Note that (ρ bû ,p/ρ b ) replace (m,Ĵ) in Eq. (5) as appropriate in a zero Mach number flow domain. Note also that under the zero Mach number assumption, the momentum equation for the fluctuations reduces to jρωû = dp/dx so that Eq. (9) is indeed a boundary condition for the acoustic pressure that can be used when solving the Helmholtz equation. As a validation case, the Delayed Entropy Coupled Boundary Condition (DECBC) for 1D compact flames, Eq. (9), was used together with the Helmholtz equation to analyze an academic 1D combustor mounted on a compact nozzle (see [18] for the details of the geometry and physical parameters). As illustrated in Figure 5 , the proposed coupled boundary condition provides a good prediction of the first acoustic mode in the combustor over the entire range of Mach numbers considered. The first low frequency mode is an entropic mode, also referred to as rumble, which involves the convection of entropy spots from the flame to the exit nozzle; consistently, its frequency of oscillation increases linearly with the Mach number, in contrast to the first acoustic mode whose frequency is virtually constant. Interestingly enough, this low frequency mode is also recovered by the zero Mach number approach completed by the DECBC, demonstrating that the proposed approach properly accounts for the entropy-acoustic coupling in thermoacoustic systems. Of course, when the Helmholtz equation is solved with Eq. (6) as a boundary condition, the entropic mode is not found. Furthermore, the first acoustic mode is not captured as accurately as when the entropy coupling is modeled at the exit boundary. Even if the comparison is not as good regarding the growth rate of the different modes, the DECBC approach allows a significant improvement of the results from the Helmholtz equation.
Helmholtz analysis of the SAFRAN combustor
In this section, Helmholtz analysis of the industrial combustor described in Section 1 is performed. Recall that this configuration exhibits a low frequency mode of oscillation at a frequency significantly smaller than any acoustic mode; it is thus natural to investigate whether the DECBC approach described in Section 2 recovers this low frequency mode. Contrary (9), is not relevant for the 3D case of interest. Instead, the transfer function between the acoustic velocity upstream of the flame and the entropy generated downstream of the primary zone was assessed by post-processing the LES. More precisely, this entropy transfer function was defined as
where n ref is a unitary vector of reference aligned with the main axis of the combustor,û ref is the acoustic velocity at the reference point depicted in Figure 6 and <ŝ f > is the entropy fluctuation averaged over a small volume located downstream of the primary combustion zone, in agreement with the mode structure observed from the DMD analysis of Section 1.2 (see also Figure 3 ). Obtaining the acoustic velocity fluctuationsû ref is a difficulty because the reference point is located inside the swirler where hydrodynamics fluctuations occurs. However, as the present study focuses on a low-frequency instability, the hydrodynamic component is considered negligible. Note that this transfer function is similar to but different from the classical flame transfer function which relates the upstream acoustic velocity to the unsteady heat release thanks to a n − τ type of model [8, 9] . Following the rationale developed in section 2.2, the LES data were also used to measure the convection time τ LES c from the flame region to the end of the combustion chamber (see Figure 6 ). Note that because the entropy spots decay during their convection through the chamber exit (because of the turbulent mixing and dissipation), the time delay 
Finally, the entropy fluctuations in Eq. (5) can be modeled as :
The DECBC condition for the 3D SAFRAN combustor is obtained by injecting Eqs. (6) and (12) into (5) and reads:
where n BC is the unitary outward vector normal to the boundary and (ρ bû · n BC ,p/ρ b ) replace (m,Ĵ) in Eq. (5) Several Helmholtz computations were performed by using the AVSP solver developed at CERFACS [9] . In all the cases, a coarse mesh (approx. 10 5 nodes) was generated from the LES grid in order to represent the geometry properly. Additionally, a zero acoustic velocity condition was imposed over all the boundaries except a) over the chamber exit where a compact nozzle condition, with or without the DECBC contribution, was imposed and b) over the air inlet where the reduced impedance measured with the help of the resulting pressure and velocity fluctuations taken from the DMD mode at 331 Hz was imposed, Z LES ≈ −2.2 − 1.6i (inward). Also, the local speed of sound was deduced from the time averaged LES data and extrapolated on the coarse acoustic mesh.
The main properties of the runs performed are gathered in Table 1 where the frequency of the first mode is also reported. The Active Flame column reports whether or not the flame-acoustic coupling (the RHS term of Eq. (1)) is included; if yes, the corresponding gain and time delay are computed from the LES in the same way as the entropy-acoustic transfer function. The DECBC column reports the use of the boundary condition (Eq. (13)) developed in this paper. Run A is a classical acoustic computation with variable speed of sound.
As already stated in section 1, the first acoustic mode oscillates at around 670 Hz, very far from the 330 − 350 Hz instability observed in the LES and experiment; this acoustic mode is slightly damped (decay rate −7 s −1 ) due to the acoustic loss at the inlet/outlet. Run B shows that the coupling with the flame does not shift the frequency of oscillation. Introducing the DECBC approach without the flame coupling (Eq. (13) with G LES us assessed from LES), Run C produces a mode in the expected frequency range at 320 Hz. This is notably due to the convection delay τ LES c in Eq. (13) which introduces a longer time scale to the problem. Note however that this mode is damped (decay rate −68 s −1 ), which is not consistent with this mode being detected in the experiment and LES. Introducing the flame-acoustic coupling together with the DECBC approach corrects this behavior, since Run D gives an unstable mode (growth rate 26 s −1 ) oscillating at 320 Hz, in fair agreement with the LES and experiment. Note that the frequency of oscillation obtained (320 Hz) is rather close to the first DMD mode (331 Hz), thus justifying a posteriori the fact that the transfer function gain and delay were supposed independent on frequency when performing the Helmholtz computations of Table 1. A limitation of the proposed approach is that the Helmholtz/DECBC solver must be fed by data coming from LES results. This may appear as a strong limitation since the cost of a LES must be paid before the DECBC methodology can be applied. Still, the Helmholtz/DECBC approach remains useful in situations where the same upstream velocity-exit entropy transfer function can be reused for multiple test conditions. Another potential field of application is the study of annular combustors; in this case, one can imagine that a simple one sector LES (containing only one burner) could be performed to feed a Helmholtz/DECBC computation of the whole annular combustor with several identical burners, thus avoiding the extremely CPU demanding LES of the full combustor. This strategy is justified if the flames behave independently and was already used for accounting for the flame response in annular combustors [20, 21] .
A Delayed Entropy Coupled Boundary Condition was developed as a means to recover some of the convective effects when representing a thermo-acoustic system under the zero Mach number formalism. In this view, a simple model was first used in order to assess the entropy fluctuations at the exit of the combustion chamber. This modeling consists of two steps, one for the entropy generation in the flame region, a second one for the convection/dissipation of the entropy spots through the combustion chamber. This results in a transfer function which relates a reference acoustic velocity in the burner and entropy at the exit of the chamber and which was assessed by post-processing LES data. The acoustics generated by the convection of the entropy spots through the exit nozzle are then treated by applying a proper boundary condition which couples entropy and acoustic quantities. The latter was deduced from the theory of compact nozzles in the present paper. The computation of a SAFRAN combustor which exhibits a low frequency instability demonstrates the potential of the method.
